International Journal Of Scientific & Engineering Research, Volume 7, Issue 7, July-2016
ISSN 2229-5518

A Cayley graphs for Symmtric group on Degree four

SVIJAYAKUMAR! CV.RRHARINARAY AN AN*
T Research Scholar, Department of Mathematics, PRIST University,
Thanjavur, Tamilnadu, India.
¥ Research Supervisor, Assistant Professor,Department of Mathematics,

Government Arts College, Paramakudi, Tamilnadu,India.

July 12, 2016

Abstract

In this paper, we determine all of subgroups of symmetric group Sy. First, we
observe the multiplication table of S4, then we determine all possibilities of every
subgroup of order n, with n is the factor of order S4. We found 30 subgroups of .Sy.
The diagram of Cayley graphs of Sy is then presented.
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1 Introduction

For an arbitrary nonempty set S, define A(S) to be the set of all one-to-one mapping
of the set S onto itself. The set A(S) with composition function operation is a group.If
the set S contains n elements, then group A(S) are denoted by S, . Group S, has n!
elements and will be called the symmetric group.There are many references on subgroups

of S5 and S3. In this paper, we determine all subgroups of S; and then draw diagram of

Cayley graphs of Sy .

The number of subgroup of cyclic groups of order p™ where p is a prime number and this

subgroups are finite cyclic groups. The subgroups of non abelian symmetric groups are

So, 53,54 and etc.

IJSER © 2016
http://www.ijser.org

1510



International Journal Of Scientific & Engineering Research, Volume 7, Issue 7, July-2016
ISSN 2229-5518
1511

Therefore,the result of this paper, that is a diagram of cayley graphs of S, is very impor-

tant to determine the number of subgroup of S, .

2 Preliminary
Definition 2.1

A nonempty subset H of a group G is said to be a subgroupof G if, under the product in
G, H itself forms a group.

Theorem 2.2

If G is a finite group and H is a sub-group of GG, then order of H is a divisor of order G.

Theorem 2.3

If G is a finite group and a € GG, then order of a is a divisor of order G.

Theorem 2.4

Let G be a finite group and let |G| = p"m where n > 1, p is a prime number and (p, m) = 1.

Then G contains a subgroup of order p* for each i where 1 < i < n.

Definition 2.5

Let G be a finite group and let |G| = p"m where n > 1, pis a prime number and (p, m) = 1.
The subgroup of GG of order p" is called the sylow p subgroup of G.

Theorem 2.6

Let G be a finite group and let |G| = p"m where n > 1, pis a prime number and (p, m) = 1.
Then the number of Sylow p subgroup is of the form (1 + kp), where k is a non-negative
integer, and (1 + kp) divides the order of G.
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Definition 2.7

A subgroup N of G is said to be a normal subgroup of G if for every g € G and n € N,
gng~!t € N.

Theorem 2.8

There is a unique Sylow p -subgroup of the finite group G if only if it is normal.

Theorem 2.9

Let G be a group of order pq, where p and ¢ are distinct primes and p < ¢q. Then G has

only one subgroup of order ¢q. This subgroup of order ¢ is normal in G.

3  Elements of Symmtric group

Let A ={1,2,3,4} Then S consists of

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
€= , Por = , Poo = , Po3 = )
1 2 3 4 1 2 4 3 1 3 4 2 1 3 2 4

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
P04: 7P05: 7P06: 7P07: )
1 4 2 3 1 4 3 2 2 1 3 4 2 1 4 3
1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
Pog = , Pog = , Pro = , Pr= ;
31 4 2 31 2 4 4 1 2 3 4 1 3 2
1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
Py = , Pi3 = , Py = , Pis = ;
2 31 4 2 4 1 2 3 4 1 2 3 2 1 4
1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
P = , Pip = , Pig = , Pg = ;
4 2 1 3 4 3 1 2 2 4 3 1 2 3 41
1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
Py = , Py = , Py = , Pos =
3 2 4 1 34 2 1 4 3 2 1 4 2 3 1

In this group e is the identity element.

Thus Sy is a group containing 4! = 24 elements.

4 Cayley Table
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@o& moﬁN OH& hom woﬁN 2% mﬁm (4% mHQ wﬁm NHQ 4% 2 mo& ﬂ@& HoﬁN No& mo& MNHN g | g ONHN 2& wﬁm wHQ
No& HoﬁN 2 mom woﬁN mo& mo@ wo& 2% woﬁN mo& oﬂ& mﬁnN om& mm& wHHN g | eeq | ¢lg mH& wﬁm mHHN 4% mﬁm N.Hﬁ\
ﬂom NoﬁN mo& 2 moﬁN wo& @ﬁm omm mm& wﬁﬁﬂ g | g uo& wo& A%, woﬁN @om oﬁm mHHN 4% N;Q (4% mﬁm wﬁﬁﬂ @Hm
om& mﬂﬁN wﬂm mmm e | eg Nom Hom 2 moﬁN wo@ mo& woﬁN mo& wom % oﬂm mom 4% mHm (4% nﬂm @H& mﬁﬁN mH&
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mo& wom 2% uom aom oﬁm om@ @Hm wﬂm mmﬁ& g | g HoﬁN mo@ mo& 2 mo@ wom @ﬁm mﬁm Vig mﬂm (4% mﬁm& mﬂm
mﬂm om& mm@ wﬂm Teg | g wom nom @O& % on mo& mo& ﬂom 2 mo& vo& mom nﬁm @ﬁm mﬂm 4% mﬂm (4% (4%
SO0 | Y07 | €0g | SOg | 107 2 Elg | Vg | LTg | g | STg | 9% | 8lg | g | €& | 61g | 0g | € | 9047 | 607 | OLg | 2047 | 807 | Tig 2%
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ey | 8g | 617 | ¢ | €q | 0¢g | SO | VO | €07 | €0 | 104 2 Vig | €1g | Sl | L0g | 9%g | ST | 809 | 400 | 999 | Ug | Olg | 604 601
Vig | €T | St | L1g | 9%g | STqg | YO | €O0q | O | €0g 2 07 | Teq | 8Ig | 6T | &g | €q | 0eg | 607 | 907 | 404 | Olg | U7 | 804 801
ST | Vg | LTg | g | ST | 9T | Teqg | 8T | 6T | g | €¢q | 0¢qg | VO | SOg | O | €0y 2 107 | OTg | Tig | 80g | 604 | 907 | 404 01
87 | Teq | eCq | 6T | 0cg | € | VIg | € | Sl | £1g | Olg | ST | SOF | ¥OF | €0 | SO0 | 104 2 Uy | Oy | 607 | 807 | 404 | 907 904
Ty | Oy | 607 | 807 | 400 | 907 | 9T | 41g | VIg | ST | Sg | €T | €q | g er 0y | 617 | 87 2 €0 | Y07 | 107 | eO0g | SO S0g
07 | Ty | 807 | 604 | 907 | 407 | € | S | 1o | 0cq | 617 | 8T | 9y | 4T | Vig | S'g | ¢ig | €1 | 107 | ¢0gF | S04 2 €07 | Y01 V%)
g mm& omﬁw Teg wﬁﬁN mﬁDﬂ g oﬁﬁN mo& wo@ NoﬁN wo& nﬁ& @HﬁN mﬁ& 4% mHﬁN (q% moﬁN ﬁoﬂw 2 moﬁN ﬁoﬁw mo@ moQ‘
hﬁ& SﬁN mﬁﬁw vig mﬁﬁN 4% oﬁg Iy mo& @o@ woﬁN ho& g mmﬁw om& Teg wHﬁN mﬁ& moﬁN 2 Hom woﬁN mo& No@ No&
S& nﬁﬁN 4% 2& (4% mH& g mmﬁN ow& Teq wHHN mﬁﬁN oﬁm 7 wo& moﬁN @O& NOQ woﬁN mo& mo@ moﬁN 2 Hom ﬁoQ
mmﬂw g | g ow& mﬁﬁN wﬁ& hﬁm @HﬁN 2& 4% mﬂm g | Vg OHQ moﬂw woﬁN no& @Q& moﬁN wo& mo@ NoﬁN ﬁoQ o 9
mm& g | g omm @ﬁm wﬁm nﬁm m:m mﬂm Vig mam g | Vg oﬂm mo& wom mo@ wom mo& vom mo@ Nom ﬁom 9 o
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5 Subgroups

According to the nontrivial subgroups of S; must have order 2, 4, 6, 8 or 12. We
will determine all of the subgroups of S; . Clearly, the subgroup of S; of order 1 is the
trivial subgroup H; = {e}.

Subgroups of order 2:

Let H be an arbitrary subgroup of Sy of order 2. Since 2 is a prime number, then H is
cyclic. Therefore H is generated by an element of Sy of order 2. Thus, all subgroups of 5,
of order 2 are Hy = {e, Py1}, Hs = {e, Po3}, Hy = {e, Pos }, Hs = {e, Pos}, He = {e, Po7},
H; ={e, Piu}, Hs = {e, P15}, Hy = {e, P}, Hig = {e, Pas}.

Subgroups of order 3:

The subgroups of Sy of order 3 is generated by an element of Sy of order 3. Thus, all
subgroups Of S4 Of order 3 are H11 = {6, POQ, P()4}, ng = {6, Pog, Plg}, H13 = {6, P()g, Plg}
Hyy = {G,Plo, P19}> Hys = {€7P11, P18}> Hyg = {6’, Pig, on}, Hy; = {6’, P17,P21}-

Subgroups of order 4:

Let H be an arbitrary subgroup of S of order 4. then H is cyclic. Therefore H is
generated by an element of S of order 4. Thus,all subgroups of Sy of order 4 are Hig =
{67 Por, Fos, P07}; Hyg = {67 Poz, Paa, P23}, Hy = {67 Pos, Pra, P15}, Hy = {67 Por, Pra, P22},
Hyy = {€,P07, Py, P21}, Hyz = {67 Pog, P13, PQQ}, Hyy = {G,Plo, Py, P19}-

Subgroups of order 6:

Let H be an arbitrary subgroup of S; of order 6. then H is cyclic. Therefore H is
generated by an element of S; of order 6. Thus, all subgroups of Sy of order 6 are
Hys = {e, Por, Poa; Fos; Poas Pos }, Has = {e, For, P1s, Prs; Pao, Pas}-

Subgroups of order 8:

Let H be an arbitrary subgroup of S; of order 8. then H is cyclic. Therefore H is

generated by an element of S; of order 8. Thus, all subgroups of S; of order 8 are
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H27 = {67 P017 P067 P077 P147 P177 P217 P22}7 H28 = {67 P037 P077 P087 P137 P147 P227 P23}7
Hayy = {e, Pos, Por, Pro, P14, P15, Prg, Pas}.

Subgroups of order 12:

Obviously the alternating group
Ay = Hsy = {e, Pos, Pos, FPor, Pog, P11, P2, Pia, Pig, Pis, Pao, Po2}. is a subgroup of Sy of
order 12. We will prove that A, is the unique subgroup of Sy of order 12.

According to this result, we have the diagram of cayley graphs diagram is figure 1 below.

e - >
s g — x
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- 3 e
] {74

Figure 1: Cayley graphs of Sy
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